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Curvature distributions of spinodal interface in a condensed matter system
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The time evolution of a three-dimensional spatially bicontinuous interface of a phase-separated polymer
blend, as a model of condensed matter systems, in late stage spinodal decomposition~SD! has been studied by
laser scanning confocal microscopy. Probability densities of the mean and the Gaussian curvatures of the
interface have been obtained. The probability densities of the curvatures at various times were successfully
scaled by a characteristic length, which confirms the validity of the dynamical scaling law. We found that a
large portion of the interface formed in late stage SD consists of saddle-shaped surfaces.
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PACS number~s!: 83.80.Es, 64.70.Ja, 64.75.1g, 83.70.Hq
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If a mixture is quenched from the single phase region
the spinodal region of the phase diagram by changing t
modynamic variables such as temperature, it becomes
modynamically unstable and separates, via spinodal dec
position ~SD!, into two phases@1–3#. A bicontinuous two-
phase structure appears during SD if the volume fraction
one of the phases is close to 0.5~‘‘isometric’’ !. Such bicon-
tinuous structures are commonly formed in a variety of c
densed atomic and molecular systems, e.g., in binary m
tures of polymers@3#, simple liquids @4–6# as well as
metallic alloys @7,8#, microemulsions@9# and inorganic
glasses@10#. Universality of the SD behavior among the
systems can be found@11#.

In late stage SD, the compositions of two coexisti
phases have already reached equilibrium, and the excess
energy of the system, now localized at the interface betw
the two phases, decreases with timet. Therefore, under such
conditions, the most significant physical parameters are
interface curvatures~i.e., the mean and the Gaussian curv
tures!, which determine the interface dynamics@12#. Except
for a few cases, to our knowledge, no quantitative evalua
of the interface curvatures has been done@13,14#. This is due
to experimental difficulties in taking real space images
complex structures, e.g., bicontinuous structures, in three
mensions~3D!. However, the 3D images should capture t
local structure of the interface, as well as its global topolo
Thus, they are of central importance to the physics of
system undergoing late stage SD. We note that 3D real s
measurements for an off-critical mixture, which exhibit m
nority phase droplets inside a matrix of the majority pha
and hence show much simpler morphologies than the bic
tinuous structure, have only been recently done. The t
evolution of distribution of droplet domain sizes was exa
ined to study the coarsening dynamics@15#.

The mixtures studied consisted of deuterated polybut
ene~DPB! and polybutadiene~PB!. The weight-average mo
lecular weight (Mw) and polydispersity (Mw /Mn) of the
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DPB were, respectively, 1433103 and 1.12 (Mn denotes the
number-average molecular weight!. Mw andMw /Mn for the
PB were 953103 and 1.07, respectively. A small amount o
anthracene was attached to the PB for contrast enhance
of the microscopy@16#. The DPB/PB blend exhibits an uppe
critical solution temperature type phase diagram with
critical composition of the DPB as 46 vol % according to t
Flory-Huggins lattice theory@17#. The spinodal temperatur
at the critical composition was estimated to be ca. 110
@16#. A critical mixture of DPB and PB was dissolved i
benzene to form ca. a 7 wt %solution and then lyophilized
The mixture after lyophilization was homogenized by m
chanical mixing@18# and placed between cover slips. Th
mixture was annealed at 40 °C for six differentt ~t51350,
1675, 2880, 4610, 7365, and 8610 min!, all characteristics of
late stage SD. The mixtures were subsequently observe
laser scanning confocal microscopy~LSCM! ~Carl Zeiss,
LSM410™! with a 364-nm laser at room temperature.

Oil-immersed 403 ~Plan-Neofluar, Carl-Zeiss! objective
with a numerical aperture of 1.3 was used to record slic
images at 0.5-mm increments along the optical axis of th
microscope~the z axis! perpendicular to the focal plane~the
lateral plane!. The lateral and axial resolutions were appro
mately 0.24mm and 0.92mm, respectively. The raw image
were subjected to the image processing and then ‘‘bi
rized’’ with an appropriate threshold@11,16#. The interface
between the DPB and PB components was modeled u
contiguous polygons@19#. We note that the volume fraction
of DPB was time independent, i.e., 0.560.02 over the whole
experimental time range.

The structure factor,S(q,t),is obtained from the following
relations:S(q,t);uA(q,t)u2 andA(q,t);F„C(r ,t)…, where
A(q,t)andC~r ,t! represent the structure amplitude and spa
distribution of the~binarized! image contrast where PB51
and DPB50 in 3D. F~f~r !… denotes the Fourier transforma
tion of f~r !. The wave number is defined asq52pj/NL ~j
50,1,2,...,N/2; N andL are number of pixels along the edg
of the image and the size of the square pixel, respective!.
The scaled structure factor,SLSCM(x,t)[qm(t)3S(x,t)„x
[q/qm(t)…, at varioust became a time-independent fun
tion, demonstrating that the dynamical scaling law holds
late stage SD process in the DPB/PB mixture. We have c
R2554 ©1999 The American Physical Society
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pared SLSCM(x,t) with that obtained independently from
light scattering~LS! experiments on the DPB/PB mixture i
late stage SD,SLS(x,t); they were in excellent quantitativ
agreement, suggesting that the 3D structure reflects a
structural entity. Moreover,STDGL(x,t) obtained from a
computer simulation on the basis of the time-depend
Ginzburg-Landau~TDGL! theory with hydrodynamic inter-
actions@12,20#, quantitatively accounts for bothSLSCM(x,t)
and SLS(x,t). It is important to note thatSTDGL(x,t) repre-
sents the structure factors of various binary systems, inc
ing polymers@21# and simple liquids@5#.

Some wave numbers characteristic to the evolving bic
tinuous structure were estimated from the 3D LSCM imag
The wave number at the maximum intensity
S(q,t), qm(t), which relates to the characteristic wav
length, Lm(t), by Lm(t)52p/qm(t). We found qm(t)
;t21. Another wave number, the interface area per unit v
ume, S~t!, can also be obtained from LSCM images.S(t)
;t21 was found. A scaled length parameter,S(t)qm(t)21,
turned out to be time independent. The plateau value
0.44, while the TDGL predicted a value of 0.5@21#. All of
those results are consistent with the predictions from
TDGL simulation@12,20#.

The 3D interface developed in late stage SD~‘‘spinodal
interface’’! was then subjected to an analysis for probabi
densities of the curvatures@22#. In Fig. 1, the surface is ex
pressed in a parametric form asp~u,n! around a point of
interest ~POI! at which the curvatures are measured. T
coordinate~u,n! is arbitrarily set on the surface and the P
is expressed as~u,n!5~0,0!. The first and second fundamen
tal forms in differential geometry are expressed as@23#

I 5Edudu12Fdudn1Gdndn, ~1a!

and

II 5Ldudu12Mdudn1Ndndn. ~1b!

The parameters in Eqs.~1a! and ~1b! are given by

E5pu•pu, F5pu•pv, G5pv•pv,

FIG. 1. Schematic diagram of a surface expressed in a para
ric form p~u,n! and a ‘‘sectioning plane,’’ which is comprised ofe
andp~0,n!. p~0,0! is a point of interest at which the local curvatur
are measured.
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L5puu•e, M5puv•e, N5pvv•e, ~2!

wheree is a unit vector normal to the surface at the PO
defined bye5pu3pv /upu3pvu and the subscripts ofp rep-
resent the partial derivatives, i.e.,pu5]p/]u and puv
5]2p/]u]n. The mean,H, and the Gaussian,K, curvatures
can be expressed in terms of the above parameters:

H5
1

2
~k11k2!5

EN1GL22FM

2~EG2F2!
,

~3!

K5k1k25
LN2M2

EG2F2 .

k1 andk2 are the principal curvatures at the POI. The s
face is first ‘‘sectioned’’ by a plane that containspu and e.
The intersection between the plane and the surface is defi
as p~u,0!. ParametersE and L in Eq. ~2! can be obtained
from p~u,0!. The surface is then cut by another plane th
definesp~0,n!. Now F, G, andN can be computed. The pa
rameterM remains unsolved since it needs complete fu
tional form, i.e.,p~u,n!. Determining this was difficult. Thus
we rearranged Eqs.~2! and ~3! to eliminateM,

f ~ i ,H,K ![054Fi
2$LiNi2K~EiGi2Fi

2!%
2$EiNi1GiLi22H~EiGi2Fi

2!%2. ~4!

Here the subscripti denotesith set of the curvilinear coordi-
nates~u,v) defined by the two sectioning planes. Since tw
unknown quantities,H andK, are invariant for any choice o
the coordinates, in principle, Eq.~4! with two sets of the
curvilinear coordinates gives the simultaneous equation
H andK. In reality, several sets off(i,H,K) are obtained at the
POI, from which the curvatures are evaluated by using n
linear regression fitting@sectioning and fitting method
~SFM!# @22#.

Since the SFM provides local surface curvatures a
given point on the surface, the joint probability densi
P(H,K;t), at a givent can be obtained by sampling ca. 20
3103 surface points randomly chosen. Typically, the ent
surface consists of about 23106 surface points. We made
sure that the number of points used for determiningP(H,K;t)
are enough so that the shape of the distribution beco
invariant with further sampling.**P(H,K;t)dH dK51 was
used for normalization. Figure 2 showsP(H,K;t) at t51675
min, which has a characteristic functional form, elucidati
the following characteristics:~i! Most of the measured point
~up to 93%! lie in the K,0 region, demonstrating that th
interface is anticlastic. Namely, two principal curvatur
have opposite signs at a large portion of the interface.~ii !
The probability forK.0, corresponding to the synclastic su
face, is small.~iii ! The observed probability density fulfills
relation ofK<H2. This relation is required because the pri
cipal curvatures, which can be calculated fromH andK via
k i5H6AH22K ~i51,2!, should be real numbers.

From P(H,K;t), the probability densities of the mean cu
vature, PH(H;t), and that of the Gaussian curvatur
PK(K;t) are calculated from

PH~H;t ![*P~H,K;t !dK,

et-
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and

PK~K;t ![*P~H,K;t !dH. ~5!

Figure 3 demonstrates the time evolution of the probabi
densities.PH(H;t) is symmetric aboutH50 and thus the
area-averagedH stayed close to zero@see Fig. 3~a!#, imply-
ing that the system tends to take most reasonable evolu

FIG. 2. Bird’s-eye view of the joint probability densityP(H,K;t)
for the DPB/PB mixture att51675 min.PH(H;t) andPK(K;t) are
also shown. The broken parabolic line showsK5H2.

FIG. 3. Time-evolution of~a! PH(H;t) and~b! PK(K;t) for the
DPB/PB mixture in late stage SD.
y

on

path with a low free energy in the SD process.PK(K;t) is
distributed mostly in theK,0 region, demonstrating that th
interface is hyperbolic regardless oft. The full width at half
maximum ofPH(H;t) decreased, thus the portion of the di
tribution with smalluHu increased witht. Similarly, the por-
tion of smalluKu increases as time elapsed@14#. These results
suggest that the average radius of curvature of the spin
interface increased, i.e., the interface became smoother
t.

In order to show the dynamical scaling law for the loc
structure, such as the probability densities of the curvatu
we used the inverse ofS~t! for a length characteristic to th
bicontinuous structures. The scaled probability densities
H, P̃H(H̃;t), andK, P̃K(K̃;t), are respectively obtained b
P̃H(H̃;t)5S(t)PH(H;t) and P̃K(K̃;t)5S(t)2PK(K;t).
HereH̃5HS(t)21 andK̃5KS(t)22. The scaled probability
densities are plotted againstt in Fig. 4, demonstrating tha
the dynamical scaling law holds for the probability densit
of curvatures within experimental accuracy as well as for
scattering structure factor. Note that the examination of
dynamical scaling throughS(x,t)has been done many time
most of the studies showed the self-similar growth of t
global structure, which is characterized by the scatter
maximum, i.e., a structure corresponding to the length sc
of Lm(t). Although the curvatures andS(q,t)are implicitly
related to each other, a general relationship between the
not at all clear. Hence, it is impossible to discuss whethe
not the local shape of the interface really follows the d
namical scaling law from the scattering data. Meanwhile,
curvatures presented in the present study qualify the lo
shape of the structure. Thus, the results shown in Fig. 4 s
out from the fact that they demonstrate that not only
global structure but also the local shape of the spinodal
terface evolves with the dynamical self-similarity. In add

FIG. 4. Scaled probability densities~a! P̃H(H̃;t) and ~b!

P̃K(K̃;t) for the DPB/PB mixture in late stage SD.
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tion, the probability densities experimentally obtained in t
present study are expected to be universal in a variety
condensed matter systems.

Information about the time evolution of the curvatur
should be useful in predicting interface dynamics and in
face stability@12#, especially in late SD. For example, on
would study how a particular part of the interface wou
change its shape during SD by examining the time chang
the interface curvatures. Knowledge of such interface mo
ment should be essential to understand the mechanism o
SD process. Such analysis is under progress@16#.

In summary, the probability densities of the curvatures
the interface in a phase-separated bicontinuous struc
.
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have been measured. We found that the large portion of
interface is anticlastic and the mean curvature is symme
cally distributed aroundH50. The probability densities o
the curvatures at various times were found to be scaled b
characteristic wave number, i.e., the interface area per
volume in late stage SD. This demonstrates that the dyna
cal scaling holds for the probability densities of the curv
tures as well.
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